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In this work we consider the equilibrium state of a multicomponent system in which chem-
ical reactions occur, and its sensitivity to the change of any of the thermodynamic parameters
influencing the equilibrium. A general expression is obtained for the sensitivity coefficient
On;/dY, where n; is the equilibrium amount of the ith chemical species in the system, and Yisa

. thermodynamic parameter such as temperature, pressure, initial amount of a species, chemical
potential of a species, etc. We demonstrate that the sensitivity coefficients are linear combina-
tions of contributions originating from certain special reactions, called response reactions,
which are defined in the paper.

1. Introduction

A general problem of chemical thermodynamics is to describe the response of
the equilibrium state of a multicomponent system in which chemical reactions
occur, to the change of one (or more) parameters that influence the equilibrium [1].
A particular aspect of this problem is the dependence of the equilibrium composi-
tion of such a system on various thermodynamic parameters [2,3]. This dependence
if measured by the so-called sensitivity coefficients dn;/3Y, where n; is the equili-
brium amount of the ith chemical species in the system considered, and Y is the
respective parameter. In this paper we deduce a general expression for the sensitiv-
ity coefficients. It seems that this result was hitherto not known in chemical thermo-
dynamics.

In the system considered in this work we assume that chemical reactions occur
between n distinct species A4, A4,, ..., 4,. The interactions between them are
described by means of m chemical equations:

viiAi +vpAa + .. . +vpAy, =0, j=12,... . m. (1)
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The stoichiometric coefficients v; are chosen so that v; <0 if 4; is a reactant,
v; >0 if A4; is a product, and vj; = 0 if 4; does not participate in the jth reaction.
Throughout this paper it is assumed that egs. (1) are stoichiometrically indepen-
dent,i.e. that

14} Vs . Uln
" ¥ ... Vi

rank =m
Umi Vm2 --- Vmn

and that m>1. Recall that the chemical reactions (1) can be chosen in many
different, but (from the point of view of the thermodynamics of multiple chemical
equilibria) equivalent ways.

We further assume ideal behavior of the system. The concrete realization of
this assumption is eq. (4), see below, which is supposed to be always satisfied.

The sum of the of the stoichiometric coefficients of the jth reaction (1), namely
Vi1 + Vi + ... + v, will be denoted by Ay;.

By np and n; we denote the initial and equilibrium amounts (= numbers of
moles), respectively, of the ith chemical species 4;. The total amount of substances
present in the system at equilibrium is »,. If n, is the amount of the “inert’’ sub-
stances, i.e., those which do not participate in any of the chemical processes (1),
then

n
ny=n, + E n;.
i=1

The extent of the jth reaction (1) at equilibrium will be denoted by §;, j =1, 2,
...,m. Then the mass-balance conditions read

m
n,-:n,-0+2vj,~£j, i=1,2,...,n. (2)
j=1
Let Y be the parameter whose influence on the equilibrium composition will be
examined. Then the respective sensitivity coefficients are on;/0Y, i =1,2,...,n,
and they satisfy the equations

m
Oni/0Y =6+ 1;0€;/0Y, i=1,2,...,n, (3)
j=1
where 6 =1 if Y = nyp and § = 0 otherwise. Equations (3) are immediate conse-
quences of (2).

The Gibbs energy of the system considered, G, can be viewed as a function of

the parameters £, &, ..., &,. In view of this, we may define the quantities G,
[1,2],
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1
Gy = ﬁazG/ag, Ok, .

If we accept that the behavior of our system is ideal, then the following identity is
known to be obeyed [1,2]:

n
Vrivsi 1
G, = — — — AV A, 4
rs ; o Avr A 4)
These second derivatives of the Gibbs energy play a central role in the study of the
sensitivity coefficients, because of the relations [2]

Gjl 6{1/8Y+sza§2/6Y+...+Gjm 85,,,/8Y=X,, j=1L2,...,m. (5)

The quantity X;, which appears on the right-hand side of (5), is associated with
the jth chemical reaction (1), j = 1,2,...,m. Besides, X; depends on the nature of
the parameter Y. In table 1 are listed some usual choices for Y and the correspond-
ing expressions for Xj.

Observing that (5) is a system of m linear equations in the unknowns'9¢;/9Y,

j=1,2,...,m,weimmediately conclude that
. 06;/0Y = A;/A, (6)
where Aand A; are determinants, given by
Gu G ... Gin
Gy Gpn ... G
Ao |0 22 2um
Gml Gm2 .. Gmm
and
Table 1

The form of the function X; (eq. (5)) for various choices of the parameter Y, in the case of systems
with ideal behavior.

Y X;
AH?
T —
RT?
In P —Ay;
Av;i
"y ]
n
o _[m_ﬁ]
ny ng
0 Vij
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G2 Gij-1 X
G Gy -1 Xa
sz Gm,j—-l Xm

Substituting (6) back into (3) we arrive at

1 m
6n,~/6Y = 6+Z;III,AJ

G j+1 Gim
G2 j+1 Gam ™
Gm,j+1 Gmm

(8)

Formula (8) is the starting point for the present considerations.

2. The identity: first formulation

To be able to formulate an expression for the sensitivity coefficients, we intro-
duce the following abbreviations for the four types of determinants that occur in

our considerations:
Vi Ui
Wi Vg
D(iy, iy, .. i, i) =
Vm,i; Vm,iz
g Wi
Wi Y
D(l],lz,. . ,lm_l,X) =
Umiy Vmiy
Vi Vi
Wiy Mg
D(ll 582y« ylm=2, AI/, l) =
Vm,i, Um‘iz
iy Vi
Wi Vi
D(iy,ia, ... im—2, AV, X) =
Umiyv  Vm,i

Then the following identity holds:

Ulimy VL
Vi, Vo
, 9)
Unyiny  Vmi
Vi X1
Wi, X2
: (10)
Vm,i,,,_l Xm
V., Avi vy
Vin, A2 12
: (11)
Vmiip-2 Avy, Um,i
Vl,im-z AV] Xl
1/2,;’"_2 Allz Xz
(12)
Umin, AUm Xp
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1 1,0,y i, DDy, B, - o
6’1,‘/6Y=5+-— Z D(ll,lz, sy tm 1)Z)D(11312, s Im hX)

nng...n

1<l <...<ipy [

1 Z D(iy, iy, ... im—, Av, 0)D(i1,da, . . ., im-2, Av, X)

+ e
nt i <ip <. <y nll nlz e n"""z

(13)

In order to be able to see the chemical meaning of the above formula we intro-
duce an auxiliary notion, namely the response reactions. We further classify the
response reactions into Hessian (HR) and non-Hessian (NHR).

3. Two special types of stoichiometric relations: Hessian and non-Hessian
response reactions

Any linear combination of the chemical equations (1) results in a new ‘“‘chem-
ical reaction” between the species A, A4,, ..., Ay, which is acceptable from a
stoichiometric point of view. In what follows we shall be interested in certain spe-
cial types of such linear combinations, which we name “‘response reactions”,
because these reactions are intimately connected with the sensitivity coefficients.
We distinguish between ““Hessian response reactions” (which are connected with
the determinant of the Hessian matrix of the Gibbs energy [4]) and ‘““‘non-Hessian
response reactions”’ (which have no effect on the Hessian determinant).

A linear combination of egs. (1) is said to be a Hessian response reaction (HR),
or shorter: a Hessian reaction, if it involves at most n — m + 1 of the chemical spe-
cies A;, i =1,2,...,n. The HR in which the species 4;,, 4;,, ..., 4;,_, are absent
will be denoted by H = H(iy, ia, - . ., im—1). If this reaction is written in the form

n

> w(3)4; =0

i=1
then it can be shown that its stoichiometric coefficients satisfy

vi(H) = D(iy,day . - <y b1, 0) - (14)
Furthermore, the change of the quantity X in the reaction H(i1, 5, .., im—1) is
equalto

X(KH) =D(ir, iz, - - im—1, X). (15)

More details on the HRs can be found elsewhere [4]. In particular, in [4] was
shown that the Hessian determinant of a multicomponent equilibrium system is
equal to the sum of contributions coming from the HRs.

A linear combination of egs. (1) is said to be a non-Hessian response reaction
(NHR), or shorter: a non-Hessian reaction, if it involves at most n — m + 2 of the
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chemical species A;, i = 1,2,...,n, and if the sum of its stoichiometric coefficients
is equal to zero. The NHR in which the species 4;,, 4, . .., 4;,_, are absent will be
denoted by N = N(iy, &, . . ., im—2). If this reaction is written in the form

i l/,'(N)A,' =0
i=1

then in full analogy with (14) and (15),
V,'(N) = D(ll 5 iz, ey im—2; AI/, l)
and
X(N) = D(i],iz,. . .,im_z,AV,X) .
Notice that there may exist an overlap between the two above described sets of
reactions: a NHR may simultaneously be a HR and vice versa. A detailed discus-
sion on the concept of NHRs and their role in determining the properties of

chemical equilibria, together with a number of applications to concrete physico-
chemical systems, will be given in a later publication [5].

4. The identity: second formulation

Using the concept introduced in the preceding section, we can rewrite the for-
mula (13) as

1 1

oni/9Y =6+~ Z}; ui(H) X (H)m(H) + . ; u(N)XN)T(N) |, (16)

where
1 1
(H)=——; "N)=—o— .
nng...n,_, nyng...n _,

The first summation on the right-hand side of (16) embraces the Hessian reactions
H = H(i, iy, . .., m—1) Whereas the second summations goes over the non-Hessian
reactions N = N(i, ,...,in—2). Consequently, every sensitivity coefficient can

be viewed as being equal to the sum of contributions coming from all response reac-
tions; the contributions coming from HRs have a different form than those asso-
ciated with NHRs. This observation enables a deeper insight into the perplexed
interrelations which determine the thermodynamic behavior of multicomponent
systems with multiple chemical equilibria. Numerous applications of (16) will be
elaborated elsewhere [5].

5.Proofof formula (13)

We divide the proof of formula (13) into three steps. In the first step we show
that the sensitivity coefficients can be written in the form
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1 1
6n,~/8Y-6+Z(A1+n—tA2>, (17)
In the second and third steps we demonstrate that
D(iy, iy, ... i1, DDy, i, . o i
Al — Z (11:12) yim lsl) (llylZa s Im I,X) (18)
B <y <o < gy niny, .. Ny,

and
D(il, in, ... Ima, Av, i)D(il, i2,. .., Im-2,Av, X)

npng...n ,

A= )

i <iy <. .. <lp-2

(19)

with the terms in the numerators being given via egs. (9)—(12).

Step 1
In the first part of the proof of formula (13) we utilize the following two proper-
ties of determinants:

/
dayy dap a’lh-{— W c-- Qim ay dia ... a’lh e Qim
it
ayy dapn a’lh-{—alh s @m| |An an a’lh cee Qm
1
ay ap a’1h+a,h ce. Qun an, app ... a'lh ce. Aym
7
ay  an 1h Aim
'
ayn diypp ... 1 - Um
+ (20)
/
an  ap aly ... AQim
and
a) dadip ... )\al;, e Aim any dip ... Qi AQ\m
an, aypy ... )\al;, . m ayy Ay ... Qi A1m
-\ 21)
aygy ap ... )\alh e im an a1z ... dii Aim
Introducing the abbreviation
n
Vyilsgi
. riVsi
G,=) — (22)
i_1
we canrewrite eq. (4) in the form
1
Grs = G:.S‘ ha _AV,-AVS . (23)
ny
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Then by substituting (23) back into (7), and by bearing in mind (20) and (21),
(with A = 1), we obtain

Gy Gu ... Gy Xi Giji ... Gim
Gy Gun ... Gy X Gyt ... Gun|
A=
Gy Gwy oo Gmjst Xm Gujrl .. Gom
AV] G12 . Gl,j—-l X1 Gl,j+1 [ Glm
ﬂ Av, Gy ... Gz,j——l X> G2,j+1 . Goam
Allm sz e Gm,j—l Xm GmJ+1 - Gmm
Repeating the same procedure for the second column (2 = 2) we further get
L G, .. Gii-1 X G1,j+1 oo Gim
G5, 2 - G X G2,j+1 e Gopy
Aj =
;:l G:nz “e. Gm’]‘_.‘] Xm Gm’j+1 “.n Gmm
TZ AV] ‘e Gl,j-—l Xl G1}j+1 SN Glm
Avy GEZ Av, ... Gz,j_l X5 Gz,j_g_l e Gy
G:;‘z Al/m PPN Gm,j—l Xm GmJ—H v Gmm
Al/1 G;z e Gl,j—l X1 Gl,j-H e Glm
_ % Av, G5, ... Gpjor X Gyjr ... Gom
Al/m :;12 ae Gm,j—l Xm Gm,j+l e Gmm
AI/l Al/l e Gl,j-l Xl Gl,j+l e Glm
+ _él’.l _Q/E Av, Ay, ... Gz,j_l X5 G2J+1 .. Gy
n; n; M M. ‘e e
Al/m AUm v Gm,j~1 Xm Gm,j-i-l ‘e Gmm

The last determinant in the above expression is zero because two of its columns
coincide.

Continuing the same reasoning for the remaining columns of 4; (except, of
course, for the jth column), we finally arrive at

* 1 *
(k)
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where
Tl Tz GI,j—l X GI,j+1 ;m
G, G, ... G., X G}, ;
A; _ |z 22 2,j-1 2,j+1 2m (25)
G G - G Xm G Grm
and
GTI ’;2 P GT,_}'—I Xl GI’1+1 e GT,k—l Aljl GI,’C-‘*-I .« G}{m
« ;1 32 e G;,]—l XZ G;J"'l « s Gz‘k—l AVz G;,k+1 “e G;.m
Aj,k: . % = .. . o« . . s . I s . & s e . .. .
Goy Gra - Gjot X Grjiy - Gy A Grpyy - Gy
(26)
Equation (8) can now be written in the form (17) provided
m
j=t
and
m m
Ay==> v Y A, (28)
=1 k=l
(k#7)
Step 2

We now proceed to show that (18) follows from (27). In order to do this we first
expand A7, eq. (25), with respect to its jth column. Then

m m
A= vy (<D XA (K)) (29)
=1 k=1
Here A* stands for the determinant
h G - Gl
G . G
A= |2 22 2m
G Ghy - G

whereas A*(kh...|jl...) is the minor, obtained from A* by deleting its kth, Ath,
...rowsandjth, /th,...columns.
Taking into account the form of the matrix elements G}, eq. (22), and using the

properties (20) and (21), expand A*(k|j) with respect to all its m — 1 columns. This
resultsin
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n n n
iaglVai < Vil i Visl g+« - Umi
* N 1+ 142 T Ly ¥+ L mMylm—y
A(kl])-g E E

W=l =l ipg=l My - o Ry
V1 Vi S VY i
1/2’,-, V2,i2 e I/z,,'m_l
X\ V-1, V-1 -+« Vik=ljipy |- (30)
Vbl Vetliy <+ Vil
Vm,j, Vi, s L

The determinant on the right-hand side of (30) is just a minor of the determinant v,

Vi Vi - Vg Vg
.. . Vaip  V2iy oo Py V2n

V= v(llal?.:"')lm) =
Um)il UmxiZ e l/myim—l meim

obtained from v by deleting its kth row and mth column. Therefore we denote this
minor by v(k|m) = v(iy, Iz, . . . , i) (k|m).

If any two of the indices i}, #, ..., in—1 are mutually equal, then the respective
columns in v(k|m) coincide, and, therefore, the corresponding summand in (30)
becomes equal to zero. We thus have to examine only those summands on the right-
hand side of (30), in which all the indices i}, iy, . . ., i, are mutually distinct.

Let (M, ha,...,hm-1) be an ordered m-tuple of integers, such that 1<h) <h,
< ... <hy_1 €<n.Then one of the summands in (30) will be of the form
-V(hl,hz,...,hm_l,hm)(klm). (31)

PLisV2,iy - Vi=1 Vit L+« - Vntyimy

nyny . N

Note that 4, in v(hy, by, . .., Am—y, hm) (k|m) is a dummy parameter, because in v(h;,
hy, ..., hm—1, hy)(k|m), the mth column of v(hy, ks, . . ., Am—1, hm) does not exist.

On the right-hand side of (30) there are additional (m — 1)! — 1 summands of
the type (31), in which the indices i}, i, . . . , i, coincide with Ay, ks, . . ., h,,_1, butin
some other order. Then the determinant v(iy, iy, . . ., i) (k|m) can be brought into
the form v(hy,hy,. .., hy)(klm) by a number of transpositions of columns of
v(i1, @2, - .., im)(k|m). Each transposition of two columns of a determinant causes
the change of its sign. Consequently, it will be

v(it, gy - .o i) (Klm) = (=1Pv(hy, by, . .. hy) (Kim) (32)
where p is the number of transpositions required in the mapping

(1,82, o yime1) = (A1, hay oo )



1. Gutmanet al. / Anidentity in chemical thermodynamics 239

As known from algebra, p is just the parity of the permutation (iy, iy, . . ., iy— ) rela-
tiveto (hl,hz, ce ey hmo).

By summing the (m — 1)! terms on the right-hand side of (30) in which the
indices i, i, . . ., im—1 (When appropriately ordered) coincide with (hy, by, . . ., Ap—y),
by using (32), and by taking into account the definition of a determinant, we
obtain

E : (_l)p Vl)il V2>i2 M Vj'—l:il-l l/.]+l)lj tet meim—l
nng, .. n

’ il 1"'1im‘l

X V(hl,hz, fe ,hm_l,hm)(k|m)

— v(hl,hz, e ,hm—-la h,,,)(j[m)v(hl, hz, RN ,hm_l,hm)(k]m)

33
n;,,nhz T n;,m_! ( )

Recall that, by definition, the determinant obeys the relation

a ap ... dp
ayy Aadx»n ... Q
P = E (—l)palv,‘laz,,‘z e ap‘ip .
i]yendp
apy Qpy ... Adpp

From (33) it immediately follows that
sy = Y Wt b ) Gl b s b))

by <hy <. <hpt Ny Np,y - - - Np,,_,
1.e.
A*(k|j) = Z v(i1, iy - oy ity b)) (JlM)V(iL, B2, - - - Bt Im) (K|m) '
i <y Ly L T

Substitution of the above expression back into (29) yields after a number of perti-
nent rearrangements,

A= Y S S [i(—l)mﬁ”ﬁv(ﬂm)}

., . n; N, ...NH; "
<iy <oy TR Im-1 | j=1

x {;(—1)m+kav(klm)} . (34)

We now have to observe that the first term in square brackets on the right-hand
side of (34) is just the determinant D(ij,i,...,im-1,i), €q. (9), expanded with
respect to its mth column. Similarly, the second term in square brackets is equal to
D(iy, i3, . . ., im-1,X), €q. (10), expanded with respect to its mth column. Bearing
these facts in mind, we see that (18) is a straightforward consequence of (34).



240 I Gutman et al. / Anidentity in chemical thermodynamics

Step 3

The expression (19) can be deduced following a pattern of reasoning analogous
to that employed in Step 2, but somewhat more complicated. We start with formula
(28) and expand the determinant A7, eq. (26), with respect to both its jth and kth
columns. Next we take into account (22) and use the properties (20) and (21). Then
the same procedure as in Step 2, leads after a lengthy calculation to the expression
(35), whose form is similar to that of (34):

h+1-1
A= > n_m.;__ ZZ( )™ X Avv(hllm,m — 1)

P . n;
< <..<lp-2 m-2 | p=1 I=1

(I#h)
Z Z( 1Y uAuv(Gklm,m — 1) ] . (35)
(k#J)
Again, the two terms in square brackets on the right-hand side of (35) are respec-
tively equal to the determinants D(iy, iy, . . ., im—2,Av,i) and D(i}, 2, . .., im—2, Av,

X), eqs. (11) and (12), when these are expanded with respect to their mth and
(m — 1)th columns. Formula (19) follows then immediately from (35).

We thus showed that egs. (17), (18) and (19) hold, and by this the proof of the
identity (13) is completed.

6. An example

To exemplify the above relations we consider the partial oxidation of natural
gas (say, CHy) for the production of synthesis gas (CO + H,) with H,O and CO; as
byproducts [6]. We choose the parameter Y to be the temperature 7. In this case
X = AHJO /RT? (see table 1). The process under consideration may be described,
for instance, by the following system if independent reactions:
CH;+H,0=CO+3H,, Ay =2AH?
CH4 +2H,0 = CO, +4H,, Av, = 2,AH) (36)
CH; +20; = CO2 + 2H,0, Av; = 0,AH)

At T = 1000 K the above standard reaction enthalpies are equal to AH? = 225.39

kJ/mol, AHY = 190.62 kJ/mol and AHY = —800.82 kJ/mol. The stoichiometric
matrix for this system reads

CH; H,O O, CO CO, H,
-1 -1 0 1 0 3
-1 =2 0 o0 1 4
-1 2 -2 0 1 0
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To derive and interpret the sensitivity coefficients we first have to construct the
set of all response reactions. In order to obtain the Hessian reactions we have to
eliminatem — 1 = 3 — 1 = 2 species from the initial set of reactions, eq. (36). if, for
instance, the species to be eliminated are CH4 and H, O, then the respective HR is

-1 -1 0 -1 -1 1 -1 -1 0
-1 =2 0i0+|-1 -2 0|CO+|{-1 -2 1|CO,
-1 2 =2 ~1 20 -1 2 1
-1 -1 3
+|1-1 -2 4H,=0,
-1 20
which is the same as

4CO + 20, = 4CO0O;.
We next calculate the enthalpy change of this HR using eq. (15):

-1 -1 AH?
—1 -2 AHY|=4AH? -3AH? - AH].
-1 2 AH?

Repeating this procedure for all pairs of species, we arrive at the following HRs
(the eliminated species are indicated in brackets; the right-hand side expressions
are the respective enthalpy changes):

1.(CHs H;0)  4CO + 20, = 4CO, AAH? — 3AHY — AHY
2. (CH4,05) 2H,0 + 2CO = 2CO, + 2H, —ZAH? + ZAHg
3. (CHa, CO) 20, + 4H, = 4H,0 —-AH? + AH:,?
4, (CH4, COz) 20, + 4H,; = 4H,0 - s+ AH;’
5.(CHs,H,)  4CO + 20, = 4CO, 4AH? — 3AH? — AH
6. (H,0,0,) 2CH4 +2C0O,; =4CO +4H, ZAH(S - 4AH%
7. (Hzo, CO) 4CH4 + 40, = 4CO, + 8H; ZAHb + 2AH§
8.(H,0,CO;)  4CH, + 20, = 4CO + 8H, AAHD — AHY + AH?
9.(H,0,Hy)  8CO +40, = 8CO, BAH? — 6AHY — 2AHY
10. (02, CO) 2CH;4 + 4H,0 = 2C0O, + 8H, ZAHg
11.(05,CO;)  2CHs +2H,0 =2CO +6H,  2AH®
12. (03, Hy) 2CH, + 6C0; = 2H,0+8CO  8AH? — 6AHY
13.(CO,C0O,) 20, + 4H, = 4H,0 —AH? + AHS
14. (CO, H,) 4CH4 + 80,5 = 4CO, + 8H,0 4AH?

3
15. (CO,, Hy) 4CH4 + 60, = 4CO + 8H,0  4AH? — 3AHY + 3AH?

Observe that not all HRs are mutually distinct. In our example this is the case
with the reactions 3,4and 13, aswellaswith 1, 5and 9.
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In an analogous way, eliminating only one species from (36), we readily con-
struct the non-Hessian reactions. For example, if the species to be eliminated is
CH,4 we have the following NHR:

-1 2 -1 -1 2 0 -1 2 1
“1 2 —2{H,0+|-1 2 0]{0;+|-1 2 olco
10 0 -1 0 =2 -1.0 0
-1 20 -1 2 3
+|-1 2 1/CO;+|-1 2 4|H,=0,
1 0 1 ~10 0

which is the same as
2H,0 +2CO = 2C0O; +2H,.

The respective enthalpy change is

-1 2 AHD
-1 2 AHY|=-2AH]+2AH).
-1 0 AHY

Repeating this procedure for the remaining five species involved in (36), we ulti-
mately arrive at the following NHRs:

1. (CHy) 2H,0 + 2CO = 2CO, + 2H, —~2AH? + 2AHY)

2. (H,0) 2CH, +40; +4CO = 6CO; + 4H, —4AH? + 4AH§j + 2AHY
3.(0y) 4H,0 + 4CO = 4CO, + 4H, —4AH) + 4AHY

4.(CO) 2CH, + 40; = 4H,0 + 2CO, 2AHY

5.(CO;)  2CH4+40;+2H; =6H,0+2CO  2AHY — 2AHY + 2AH?
6. (Ha) 2CH; + 40, = 4H,0 + 2CO, 2AHY

As before, not all non-Hessian reactions need to be mutually distinct; in the above
list reactions 1 and 3 as well as 4 and 6 coincide.

From these data one can readily derive the sensitivity coefficients. For exam-
ple, if we are interested in the sensitivity coefficient of CH4 we have to take into
account only those response reactions in which CHy is involved. It is seen, that CH,4
is involved in the Hessian reactions 6, 7, 8, 10, 11, 12, 14 and 15. The contribution
to the sentivity coefficient from each of these reactions is equal to the product of the
stoichiometric coefficient of CH, and the enthalpy change of the respective HR,
divided by the product of the number of moles of those species which were elimi-
nated. Further, CHy is also involved in the non-Hessian reactions 2, 4, 5 and 6. The
contribution of each of these reactions is again equal to the product of the stoichio-
metric coefficient of CH,4 and the enthalpy change of the respective NHR, divided
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by the product of the total amount of substance and the number of moles of the spe-
cies which was eliminated. Thus, for the sensitivity coefficient Oncy, /0T we have:

1 {2(2AH§> —4AHD) | 4(2AH] + 2AHY?)

Bncm/aT= _RTZA

hH,0N0, ny,oNnco

| A4AHD — AHD + AHD) | 202AHD) | 2(2AH)

ny,0hCco, no,nco ho,hco,
N 2(8AH? — 6AHY) N 4(4AHY) N 4(4AH? — 3AH? + 3AHY)
ho,hH, AcohH, hco,hH,

L [2(-4AH} + 4AHD + 2AHY) | 2(2AH3)

n; nu,0 nco

| 22AH] ~ 2AHD +20HS) | 2(2AH§’)] }

hco, hy,

7. Discussion

As seen from our main results, egs. (13) and (16), in the general case the sensitiv-
ity coefficients depend on both the Hessian and the non-Hessian reactions. There
are, however, a few special cases in which the NHR s need not be considered at all.
(a) If the sum of stoichiometric coefficients in all m chemical reactions (1) is equal

to zero, then all entries in the (m — 1)th column of the determinant D(i,
iy, ..., Im—2,Av, i) are equal to zero, and consequently, D(iy, iz, . . ., im—2, AV, i)
= 0. This implies that the second summation on the right-hand side of (13) and
(16) vanishes, i.e., the non-Hessian reactions have no effect on 9n;/9Y.

(b) If the parameter Y is chosen to be the pressure, then Xj is proportional to Ay;,
see table 1. Then, however, the mth column of the determinant D(i}, i,. ..,
im—2, Av, X) is proportional to the (m — 1)th column, implying D(i, i,. ..,
im-2, Av, X)) = 0. Again, the second summation on the right-hand side of (13)
and (16) vanishes and we conclude that the pressure influences the equilibrium
only via the Hessian response reactions.

(c) Because of the very same reason also the sensitivity coefficient dn;/dn, does
not involve the non-Hessian response reactions.

(d) Itiseasytoseethat

n
ZD(il,iz, e yime2, AV, i) = D(i1, da, - . . i, A, AV) = 0.
i=1
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As a consequence of this, the sum of the sensitivity coefficients over all reacting
species, > 7, On;/8Y, does not involve the NHRs. This conclusion holds for
arbitrary Y. The same applies also to 9n,/0Y, where n, is the total amount of
species in the system considered.

(e) The contributions originating from the non-Hessian reactions can be disre-
garded also when considering chemical equilibria in diluted solutions. In this
case, namely, », (including the number of moles of the solvent) is much greater
than any »;. Therefore the numerical value of the last term on the right-hand
side of (13) and (16) becomes negligibly small.

In our opinion, the chemically most significant finding of this work is that the
sensitivity coefficients can be expressed as linear combinations of contributions ori-
ginating from certain distinct classes of chemical reactions. The sensitivity coeffi-
cients depend in a rather complicated manner on the parameters which govern the
chemical equilibria. The analysis elaborated in this paper enables us to gain a dee-
per insight into this dependence, and to interpret in a chemically meaningful way
the increments whose sums the sensitivity coefficients happen to be. These incre-
ments are associated with two well-defined types of chemical reactions, namely,
Hessian and non-Hessian response reactions. By this the sensitivity analysis of
complex chemical equilibria is significantly simplified and we are able to interpret
the overall sensitivity in terms of chemical reactions which strictly obey the Le
Chatelier principle. ‘
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